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Abstract

The statistical behavior of the ~uid and particle temperatures in homogeneous two!phase turbulent ~ows are inves!
tigated via direct numerical simulations[ The e}ects of the ~ow Reynolds number "Rel#\ the Prandtl number "Pr#\ the
particle response time "tp#\ the ratio of speci_c heats "a#\ and the mass loading ratio "fm# on the ~uid and particle
temperature statistics are studied[ The results show that the particle temperature intensity decreases as the magnitudes
of tp\ Pr\ a\ and Rel increase[ Also\ by decreasing the magnitudes of a and:or Pr\ the di}erence between the particle
velocity and temperature di}usivity coe.cients increases[ The ratio of particle to ~uid temperature intensities and the
dissipation rate of the ~uid temperature are a}ected by two!way coupling e}ects and decrease as the mass loading ratio
increases[ Additionally\ with increased mass loading\ the probability density function of the ~uid temperature deviate
more from the Gaussian distribution[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

CD drag coe.cient
D f

u di}usion coe.cient of the ~uid particle velocity
D f

T di}usion coe.cient of the ~uid particle temperature
Dp

v di}usion coe.cient of the particle velocity
Dp

T di}usion coe.cient of the particle temperature
dp particle diameter
Fi velocity forcing function
k magnitude of the Fourier wave number
mp particle mass
Nu Nusselt number
Np total number of particles
Pr Prandtl number
p pressure
R f

u auto!correlation coe.cient of the ~uid particle vel!
ocity
Rp

v auto!correlation coe.cient of the particle velocity
Rp

T auto!correlation coe.cient of the particle tem!
perature
Re9 reference Reynolds number
Rep particle Reynolds number
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Rel Taylor micro!scale Reynolds number
St Stokes number
SH heat source term
SMi ith component of the momentum source term
t time
T ~uid temperature
Tp particle temperature
ui ith component of the ~uid velocity U

vi ith component of the particle velocity V

Xi Lagrangian coordinates
xi Eulerian coordinates[

Greek symbols
a ratio of the speci_c heat of the particle to that of the
~uid
o dissipation rate of turbulent kinetic energy
op rate of energy transfer by particle drag force
oT dissipation rate of the ~uid temperature
h Kolmogorov length scale
U temperature forcing function
jT correlation coe.cient between temperature and its
dissipation rate
r ~uid density
rp particle density
tk Kolmogorov time scale
tl Eulerian integral time scale



F[A[ Jaberi:Int[ J[ Heat Mass Transfer 30 "0887# 3970Ð39823971

tp particle response time
fm mass loading ratio[

0[ Introduction

Within the past few decades\ particle!laden turbulent
~ows have been extensively studied via theoretical\ exper!
imental and numerical methods " for the latest reviews
see Refs ð0Ð5Ł#[ Most of the theoretical studies are based
on the Lagrangian statistical approach[ Lagrangian
analysis of turbulent ~ows dates back to Taylor ð6Ł who
relates ~uid particle dispersion to the Lagrangian auto!
correlation of ~uid elements[ Since then\ Taylor|s theory
has been the basis of many other theoretical inves!
tigations involving the dispersion of ~uid and light tracer
particles ð7Ð09Ł[ Contrary to light tracer particles\ heavy
particles do not follow turbulent ~uctuations of the car!
rier ~uid\ making their statistical analysis more complex[
Theoretical studies of heavy particle motion have been
mainly focused on the e}ects of the turbulence\ the par!
ticle inertia\ and the gravitational drift on the dispersion
of particles ð00Ð04Ł[

The statistical behavior of heavy particles has also been
studied via numerical methods ð05Ł[ In these studies\ the
velocity of the ~uid surrounding the particle is often
calculated based on the turbulence models for the ~uc!
tuating velocity[ Assessments of such models are di.cult
due to the lack of su.cient experimental data[ The exper!
imental studies of particle!laden turbulent ~ows are
somewhat limited "e[g[\ ð06Ð08Ł# primarily due to the
di.culties in Lagrangian measurements[

Some of the constraints involved in the numerical
analysis of particle laden turbulent ~ows are avoided in
direct numerical simulations "DNS# in which all scales of
the ~uid motion are resolved ð19Ł[ Riley and Patterson
ð10Ł were the _rst to present a full simulation of small
particle motion in a decaying isotropic ~ow _eld[ Their
simulation shows that in the absence of gravity\ the La!
grangian auto!correlation of the particle velocity
increases as the response time "inertia# of the particles
increases[ The dispersion of heavy particles in forced and
decaying isotropic turbulence is studied by Squires and
Eaton ð11Ł and Elghobashi and Truesdell ð12Ł[ In agree!
ment with the theoretical _ndings ð02\ 13Ł\ their results
indicate that in both decaying and forced turbulence the
dispersion of the heavy particles is greater than that of
the ~uid particles[ The e}ect of heavy particles on the
carrier ~uid in forced turbulence was studied by Squires
and Eaton ð14Ł via DNS[ The results of this study indicate
that the particle _eld attenuates an increasing fraction of
the turbulence kinetic energy as the mass loading ratio
increases[

None of the studies mentioned above consider the heat
transfer between the particles and the carrier ~uid[ The
behavior of the particle and carrier ~uid temperatures in

two!phase turbulent ~ows is of intense practical import!
ance[ For example\ evaporation and combustion of par!
ticles in industrial devices\ as well as the dispersion of
thermal pollutants in the atmosphere and ocean depend
strongly on the thermal transport between the phases[
There are only a few investigations which study the tem!
perature variations in two!phase turbulent ~ows[ Soo ð15Ł
and Shraiber et al[ ð16Ł consider some of the statistical
properties of the particle temperature[ Using a theoretical
model\ Yarin and Hetsroni ð17Ł show that an increase in
the particle mass loading ratio and particle speci_c heat
leads to a reduction in the intensity of the particles and
carrier ~uid temperatures[ They also show that the ~uc!
tuations of the carrier ~uid temperature increase and
those of the particles| temperature decrease as the mag!
nitude of the Prandtl number increases[ The dynamics of
evaporating particles in a heated jet is studied numerically
by Park et al[ ð18Ł[ The results of this investigation indi!
cate the complexities of heat and mass transfer in two!
phase free!shear ~ows[ Although the information pro!
vided in Refs ð15Ð18Ł are valuable\ they are not obviously
su.cient[ More elaborate studies are required to fully
understand and to model the temperature behavior in
two!phase turbulent ~ows[

The primary objective of this work is to study the
response of the particle temperature to the variations in
the ~uid temperature\ and to examine the e}ect of the
particles on the ~uid temperature _eld[ The in~uence of
various ~ow and particle parameters on the statistics are
examined in detail[ The analysis is restricted to dilute
particle motions in homogeneous incompressible tur!
bulent ~ows[ The homogeneity assumption avoids the
complexities that are involved in nonlinear mean trans!
port of statistical quantities and can be realized in several
experimental setups such as grid turbulence and the plug
~ow reactor[ The incompressibility is a valid assumption
if the intensity of temperature ~uctuations is small ð29\
20Ł[

1[ Governing equations and computational

methodology

In this section\ the governing equations are presented
and the computational methodology used for solving
these equations is discussed[ The transport of the carrier
~uid velocity and temperature are treated in the Eulerian
frame of reference and are governed by the continuity\
momentum and energy equations which include source
terms accounting for the presence of the particle phase[
These source terms represent "the momentum and the
thermal# coupling between the carrier ~uid and the par!
ticles[ For a constant density ~ow\ the normalized form
of the ~uid equations are expressed as]
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The variables Fi and U are the stochastic forcing func!
tions which are introduced to maintain the stationarity
of the velocity and temperature ~uctuations ð21Ł[ The
turbulent scales remain invariant and the statistical
analysis are convenient when the ~ow is statistically
stationary[ All variables in the above equations are nor!
malized using reference length "L9#\ velocity "U9#\ tem!
perature "T9# and density "r9# scales "the non!dimen!
sional density is unity#[ Consequently\ the two important
non!dimensional parameters are the box Reynolds num!
ber "Re9 � r9U9L9:m\ m is the ~uid viscosity# and the
Prandtl number "Pr#[ The e}ects of the particles on the
carrier ~uid are expressed through the momentum "SMi#
and heat "SH# source terms as de_ned below[

The main assumptions in deriving the particle equa!
tions and the associated source terms are that the particles
are _ne and heavy and the mixture is dilute[ Under these
conditions\ particle collisions are infrequent and particleÐ
particle interactions can be neglected[ The transport
properties of spherical particles in non!uniform ~ows
have been the subject of numerous investigations ð22Ð
24\ 5Ł[ Starting from simple Stokes relations\ complex
empirical relations have been proposed[ For the range of
particle Reynolds numbers considered here\ it is adequate
to use the modi_ed Stokes relations for the particle trans!
port coe.cients ð25\ 5Ł[ Radiative heat transfer e}ects
and particle acceleration due to forces other than the
drag force are ignored[ Consequently\ the evolution of
the particle displacement vector "Xi#\ the velocity vector
"vi# and the temperature "Tp# are governed by the fol!
lowing equations]

dXi

dt
� vi "3#

dvi

dt
�

CDRep

13tp

"u�i −vi# "4#

dTp

dt
�

Nu
2aPrtp

"T�−Tp# "5#

where the asterisk refers to the local ~uid variables which
are interpolated to the particle position[ The non!dimen!
sional particle time constant "tp# is^
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The magnitude of rp is 0999 unless otherwise stated[ The
particle drag coe.cient "CD#\ the Reynolds number "Rep#

and the Nusselt number "Nu# in the modi_ed Stokes
relations are expressed by ð26Ł]

CD �
13"0¦9[04Re9[576

p #
Rep

"7#

Rep � Re9r�dp =U�−V= "8#

Nu � 1¦9[5Re9[4
p Pr9[22[ "09#

The volumetric source terms appearing in the ~uid equa!
tions "SMi and SH# are evaluated based on the discrete
Particle!Source!In Cell "PSIC# model ð25Ł and are ex!
pressed as]

SMi � −
0

DV
s6mp

dvi

dt 7� −
0

DV
s6

CDRepmp

13tp

"u�i −vi#7
"00#

SH � −
0

DV
s6amp

dTp

dt 7� −
0

DV
s6

Nump

2Prtp

"T�−Tp#7
"01#

where the summation is taken over all particles in the
volume DV �"Dx#2 "Dx is the grid spacing# centered at
each Eulerian "grid# point[ In the derivation of equations
"2# and "01#\ the heat generated by the viscous dissipation
of the turbulent motions as well as that due to the particle
drag force are neglected[

The transport equations of the ~uid mass\ momentum
and heat "equations "0#Ð"2## are integrated using the
Fourier pseudo!spectral method with triply periodic
boundary conditions ð27\ 28Ł[ All simulations are con!
ducted within a box containing 852 collocation points[
Aliasing errors are treated by truncating the Fourier
values outside the shell with wavenumber
kmax � z1N:2 "where N is the number of grid points in
each direction#[ The explicit second order accurate
AdamsÐBashforth scheme is used for time advancement[
The forcing scheme is similar to that of Eswaran and
Pope ð39Ł in which the spectral contents of velocity and
temperature ~uctuations within the wavenumber band
9 ³ =K= ³ kF "K is the wavenumber vector and
kF � 1z1 is the forcing radius# are kept statistically con!
stant by randomly forcing all nodes within that band[
The magnitudes of the ~ow Reynolds and Prandtl num!
bers vary for di}erent cases but are selected such that all
variables are adequately resolved[ This is enforced by
keeping the magnitude of hkmax "h is the Kolmogorov
length scale# greater than 0[3[

Once the ~uid velocity and temperature _elds are
known\ the particle momentum and heat transfer equa!
tions "equations "4#Ð"5## and the particle trajectory equa!
tion "equation "3## are integrated via the second order
AdamsÐBashforth scheme[ The evaluation of the ~uid
quantities at the particle locations is based on a fourth
order accurate Lagrangian interpolation scheme[ The
number of particles varies in di}erent simulations but is
never less than 172[ This number of particles is su.cient
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to calculate the statistics with less than 0) error[ In
the discussion of the results below\ ðð ŁŁ denotes the
Lagrangian average taken over ensembles of particle or
~uid elements[ The Eulerian average is denoted by ð Ł and
is conducted over all collocation points[ Time averaged
statistics are denoted by an overbar and are performed
after a stationary condition is sustained[ The {prime|
denotes the mean subtracted quantity[

2[ Results

The results of our simulations indicate that the im!
portant statistical quantities such as the Lagrangian auto!
correlation coe.cient of particle temperature and the
ratio of particle to ~uid temperature intensities are insen!
sitive to the ~uid temperature intensity "or the amplitude
of the temperature forcing function#[ Therefore\ only
results of those simulations in which the ~uid temperature
intensity is small are considered[ Additionally\ the mean
values of the particle velocity and temperature are con!
stant and equal to those of the carrier ~uid[ In stationary
turbulence\ the long time values of the particle and ~uid
statistics are independent of the initial conditions and are
characterized by the ~uid and particle parameters "i[e[\
tp\ Pr\ a\ fm and Rel#[ The in~uence of these parameters
on the statistics are studied in both one! and two!way
coupling formulations[ In the former\ the mass loading
ratio is negligible and the e}ects of particles on the ~ow
are ignored[ In the latter\ the e}ects of particles on the
~ow are taken into account[

2[0[ One!way couplin`

The results of previous studies indicate that the stat!
istics of the particle velocity are strongly dependent on the
particle inertia or particle response time\ tp[ The statistical
behavior of the particle temperature\ in addition to tp\
depends on a and Pr[ This is indicated in equation "5#
and is also illustrated in Fig[ 0 where the ratio of the
particle to ~uid temperature intensities "root mean
squares# is considered[ Figure 0"a# shows that the ratio
of the temperature intensities monotonically decreases as
the magnitude of the particle response time increases[
This is understandable since by increasing the particle
response time\ the ability of the particles to follow the
~uctuations of the ~uid velocity and temperature reduces[
However\ the rate at which the particle temperature
intensity decreases with tp is lower for lower values of
Pr[ With decreasing the magnitude of Prandtl number
"increasing the thermal di}usivity#\ the particle tem!
perature becomes closer to the surrounding ~uid tem!
perature and less sensitive to the magnitude of the particle
response time[ The particle temperature intensity also
decreases as the magnitude of a increases "Fig[ 0"b##[
With increasing the thermal capacity of the particles\

Fig[ 0[ The variation of the ratio of the particle to ~uid tem!
perature intensities with\ "a# tp:tk and Pr "a � 0#^ "b# a and Pr
"tp � 2#^ "c# aPr[ For all cases Rel � 30[8[

their ability to adjust to the surrounding temperature
reduces and their temperature intensity decreases[ For
a ð 0\ the particle temperature intensity could be larger
than the particle velocity intensity[ For a Ł 0\ the ~uc!
tuations of the particle temperature are small and more
sensitive to the variations in particle response time[ The
results in Fig[ 0"a# and "b# are qualitatively consistent
with the theoretical results of Yarin and Hetsroni ð17Ł
and can be further explained by considering equation
"5#[ In accord with this equation\ it is expected that by
increasing tp\ Pr and a or by decreasing Rep "decreasing
Nu#\ the particle temperature intensity decreases[ Equa!
tion "5# also implies that for constant tp\ particle tem!
perature statistics are only function of the magnitude of
aPr[ However\ the structure of the ~uid temperature _eld\
especially at the small scales\ depends on the magnitude
of Pr and even for a _xed value of aPr\ the particle
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temperature statistics could be a function of Pr[ The
results in Fig[ 0"c# indicate that the values of
ððT?p

1ŁŁ0:1:ðT?1Ł0:1 are almost independent of the mag!
nitude of Pr[ This suggests that the low order moments
are not signi_cantly dependent on the Prandtl number as
long as the magnitude of aPr is kept constant[

To assess the e}ect of the ~ow Reynolds number on
the particle temperature\ it is necessary _rst to examine
the variation of the particle velocity with Reynolds
number[ In Fig[ 1"a#\ the ratio of the particle velocity
variance "energy# to that of the carrier ~uid
"ððv?1ŁŁ:ðu?1Ł\ v?1 � 0:2vivi\ u?1 � 0:2uiui# for di}erent tp

and Rel is considered[ The results in this _gure indicate
that the energy ratio decreases as tp and:or Rel increases[
With increasing the Reynolds number\ the associated
time scales of the ~ow at large scales "i[e[\ Eulerian eddy
turn over time# and small scales "i[e[\ Kolmogorov time
scale# are decreased[ Therefore\ the {e}ective| response
time of the particles increase and the energy ratio
decreases[ It should be mentioned that the {actual| par!
ticle response time\ t¼p � tp:"0¦9[04Re9[576

p # is di}erent
than tp which is considered in Figs 0 and 1[ However\ for
the range of particle Reynolds numbers considered here\
the di}erence between t¼p and tp is small and has no
signi_cant e}ect on the results[

The scaling of ððv?1ŁŁ:ðu?1Ł is very important in mode!
ling of the particle!laden turbulent ~ows ð04\ 30Ł[ An
important parameter for the scaling of particle statistics

Fig[ 1[ The variation of the ratio of the particle to ~uid velocity
variances "energies#\ with "a# tp\ "b# tp:tl[ For all cases a � 0 and
Pr � 9[6[

with ~ow Reynolds number is the Stokes number\ St ð31\
32Ł\ which is the ratio of the particle response time to an
{appropriate| time scale of the turbulence[ The choice of
a proper ~ow time is\ however\ somewhat ambiguous[
The best time scale for scaling of the low order statistics
is the characteristic time associated with the large scales[
This is demonstrated in Fig[ 1"b#\ where it is shown that
the values of ððv?1ŁŁ:ðu?1Ł at di}erent Rel collapse when
the particle response time is normalized by the Eulerian
eddy turn!over time\ tl "i[e[\ Stl � tp:tl#[ Other results
"not shown# also suggest that the Kolmogorov time scale
"tk# is appropriate for scaling of ððv?1ŁŁ:ðu?1Ł if the mag!
nitude of tp is close or less than tk "i[e[\ Stk � tp:tk ³ 0#[
As Stk exceeds from unity\ the results for ððv?1ŁŁ:ðu?1Ł
at di}erent Rel deviate more signi_cantly from each
other[ This is explained by considering the fact that the
heavier particles interact more with the large scale ~ow
structures[ We also found that the characteristics time
tT � cðu?1Ł:o "c is a constant#\ which appears in the
HinzeÐTchen relation ð30Ł is only appropriate for scaling
of ððv?1ŁŁ:ðu?1Ł when the ~ow Reynolds number is
su.ciently large[ Note that the proper time for scaling of
the other particle statistics may be di}erent than that
observed for ððv?1ŁŁ:ðu?1Ł[ For example\ our results
suggest that the particle Reynolds number is properly
scaled when the particle response time is normalized by
the Kolmogorov time[

The e}ect of the ~ow Reynolds number on the particle
temperature is similar to that discussed above for the
particle velocity[ In Fig[ 2"a#\ the variations of
DT � ðð"T?−T?p#1ŁŁ:ðT?1Ł with particle time constant
for di}erent ~ow Reynolds numbers are shown[ With
increasing the particle time constant\ the particle tem!
perature deviate more from the local ~uid temperature
and DT increases[ Furthermore\ with increasing the ~ow
Reynolds number the e}ective response time of the par!
ticle is increased\ accompanied by a corresponding
increase in DT[ Additionally\ for the cases considered in
Fig[ 2\ a � 0\ Pr � 9[6 and the structure of the carrier
~uid temperature and velocity _elds are not very di}er!
ent[ Therefore\ as shown in Fig[ 2"b# the Eulerian eddy
turn!over time is also appropriate for scaling of DT[ Our
results also indicate that tl is the proper time scale for
scaling of ððT?p

1ŁŁ:ðT?1Ł "similar to ððv?1ŁŁ:ðu?1Ł# at
di}erent Rel[

In the theoretical analysis of particle!laden turbulent
~ows\ the momentum and the heat transfer between the
particles and the carrier ~uid are usually evaluated via
the relations CD � 13:Rep and Nu � 1[ To assess the
in~uence of the non!linearity of the transfer coe.cients\
the time averaged particle statistics for various particle
Reynolds numbers are considered in Table 0[ For all
cases considered in this table\ Rel � 30[8\ Pr � 9[6 and
a � 0[ The particle Reynolds number is varied by
changing the particle density while the particle response
time is kept constant "tp � 5# for all cases[ Additional
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Fig[ 2[ The variations of DT � ðð"T?−T?p#
1ŁŁ:ðT?1Ł with "a#

tp^ "b# tp:tl[ For all cases a � 0 and Pr � 9[6[

results are also provided by conducting DNS with
CD � 13:Rep and Nu � 1[ The results in Table 0 indicate
that the magnitude of ððv?1ŁŁ:ðu?1Ł is increased by
09[3) when ððRepŁŁ increases from 9 to 0[8[ The
corresponding increase in the magnitude of
ðð"T?p

1ŁŁ:ðT?1Ł is 05[3)[ It is also shown that the
di}erence between the particle temperature and the local

Table 0
The variations of the particle statistics with the particle density

rp CD Nu ððRepŁŁ ððv?1ŁŁ:ðu?1Ł ððT?p
1ŁŁ:ðT?1Ł ðð"T?−T?p#

1ŁŁ:ðT?1Ł "TR#theory:"TR#DNS

149 Equation "7# Equation "09# 0[89 9[455 9[425 9[574 0[002
499 Equation "7# Equation "09# 0[26 9[445 9[414 9[583 0[987

0999 Equation "7# Equation "09# 9[86 9[442 9[498 9[693 0[971
3999 Equation "7# Equation "09# 9[49 9[422 9[386 9[607 0[952

05 999 Equation "7# Equation "09# 9[14 9[412 9[379 9[616 0[935
0999 13:Rep 1 9[9 9[496 9[337 9[641 9[886
0999 Equation "7# 1 9[86 9[435 9[337 9[638 0[926
0999 13:Rep Equation "09# 9[86 9[496 9[402 9[695 0[949

~uid temperature decreases as the particle Reynolds num!
ber increases[ The non!linearity of the drag and heat
transfer coe.cients result in higher values for these
coe.cients^ therefore\ the rate of heat transfer between a
particle and its surrounding ~uid increases\ accompanied
by an increase in their temperature correlation[ Based on
the results shown in Table 0\ it is concluded that the non!
linearity of the transfer coe.cients have small e}ects on
the particle statistics when the particle Reynolds number
is less than unity[

By relating the Lagrangian equations of particle vel!
ocity and temperature\ Yarin and Hetsroni ð17Ł obtain]

ððT?p
1ŁŁ0:1

ðT?1Ł0:1
� 0−00−

ððv?1ŁŁ0:1

ðu?Ł0:1 1
Nu

2aPr
[ "02#

In deriving equation "02#\ it is assumed that the inter!
actions between the particles and the ~uid are solely due
to the drag force and thermal convection[ These inter!
actions are expressed by the relations CD � 13:Rep and
Nu � 1[ To assess the validity of equation "02#\ the ratio
of the particle to ~uid temperature intensities based on
equation "02# ""TR#theory# and those via DNS data
""TR#DNS# are compared in Table 0 and Fig[ 3[ The mag!
nitude of Nu in equation "02# is evaluated from equation
"09# based on the average value of particle Reynolds

Fig[ 3[ The variation of the ratio of the model to DNS values of
ððT?p

1ŁŁ0:1:ðT?1Ł0:1 with a[ For all cases Rel � 30[8 and tp � 5[
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number[ The results in Table 0 suggest that by increasing
ððRepŁŁ\ the magnitude of "TR#theory exceeds more sig!
ni_cantly from that of the "TR#DNS[ This implies that the
predictive capability of equation "02# reduces as particle
Reynolds number increases\ which is expected due to
non!linearity of the transfer coe.cients[ The di}erence
between DNS and theoretical results is minimum "about
9[2)# when the particle drag and heat transfer
coe.cients in DNS are evaluated via linear relations[ Our
results also indicate that the ratio "TR#theory:"TR#DNS does
not vary noticeably as the magnitudes of tp and Rep vary[
However\ this ratio varies signi_cantly with Pr and a[
This is observed in Fig[ 3\ where it is shown that for
small values of aPr "³0#\ equation "02# predicts the DNS
results with reasonable accuracy[ For large values of aPr\
the di}erence between the DNS and the model values is
signi_cant[ Also\ for large values of aPr\ our results indi!
cate that "TR#theory:"TR#DNS increases slightly when tp:tk

"or Rep# increases[ This suggests that the non!linearity of
the transfer coe.cients is not responsible for the sig!
ni_cant di}erence between the theoretical and numerical
results at high aPr values[

In Fig[ 4\ the temporal evolution of the auto!cor!
relation coe.cients of the particle velocity "Rp

v #\ and tem!
perature "Rp

T# for di}erent particle response times are
shown[ The time tD is the time normalized by the Eulerian
eddy turn!over time[ The coe.cients Rp

v and Rp
T represent

the memory e}ects for the particle velocity and tempera!
ture\ respectively and are calculated when particles reach
a stationary state[ These coe.cients are used to obtain
the momentum and the thermal di}usion coe.cients "see
below# and are de_ned as]

Rp
v � 0

2
s
2

m�0

ððv?m"t9#v?m"t9¦t#ŁŁ
ðððv?m

1"t9#ŁŁððv?m
1"t9¦t#ŁŁŁ0:1

\ "03#

Rp
T �

ððT?p"t9#T?p"t9¦t#ŁŁ
ðððT?p

1"t9#ŁŁððT?p
1"t9¦t#ŁŁŁ0:1

\ "04#

where the auto!correlation coe.cient of the particle vel!
ocity is de_ned as average of directional coe.cients\ and
t9 is the starting time for the calculation of the Lagrangian
statistics[ In statistically stationary ~ows\ t9 is arbitrary
and ððv?m

1"t9¦t#ŁŁ � ððv?m
1"t9#ŁŁ[ Consistent with pre!

vious observations ð13\ 07\ 11Ł\ it is shown in Fig[ 4"a#
that the auto!correlation coe.cient of the particle vel!
ocity increases as the particle response time "inertia#
increases[ The memory of the particle to its previous
velocity increases as the particle inertia increases\ thus
increasing the correlation coe.cient over that for ~uid
particles[ A monotonic increase with tp is observed for
Rp

v [ The Lagrangian auto!correlation coe.cient of par!
ticle temperature\ in addition to tp\ is dependent on the
magnitudes of Pr and a[ For small values of Pr "½9[14#\
the rate of heat transfer between the particles and the
~uid is signi_cant and particles quickly adjust to the
surrounding ~uid temperature[ Consequently\ the auto!

Fig[ 4[ Temporal variation of the auto!correlation coe.cient of
the particle velocity and temperature[ "a# Rp

v ^ "b# Rp
T "Pr � 9[14#^

"c# Rp
T "Pr � 0[6#[ For all cases Rel � 30[8 and a � 0[

correlation coe.cient of the particle temperature is not
signi_cantly dependent on the magnitude of tp "Fig[
4"b##[ For higher Prandtl numbers "½0[6#\ the response
of particles to the variations in local ~uid temperature is
slow and the e}ect of tp on Rp

T could be important[ It is
shown in Fig[ 4"c#\ that for particles with response times
close to or smaller than the Kolmogorov time scale\ the
e}ect of particle inertia on Rp

T is not signi_cant even when
Pr � 0[6[ As the particle time constant exceeds the Kol!
mogorov time scale\ Rp

T is noticeably increased with tp[



F[A[ Jaberi:Int[ J[ Heat Mass Transfer 30 "0887# 3970Ð39823977

Unlike Rp
v \ a monotonic increase with tp is not observed

for Rp
T[ The results shown in Fig[ 4"b# and "c# also suggest

that the e}ect of Pr on Rp
T is dependent on the particle

response time[ We have found that for tp × tk the instan!
taneous values of Rp

T increase with Pr[ As equation "5#
implies\ the rate of heat transfer between the phases
depends on the temperature di}erence between the par!
ticle and the surrounding ~uid element[ This temperature
di}erence is relatively lower when the particles are light[
Consequently\ the rate of heat transfer is lower for light
particles and Rp

T is less a}ected by the magnitudes of tp

and Pr[
The e}ect of a on Rp

T is shown in Fig[ 5\ where the
temporal evolution of Rp

T for a � 9[14 and 4[9 are con!
sidered[ For a ³ 0\ the particles rapidly respond to the
surrounding ~uid temperature[ In this case\ as shown in
Fig[ 5"a#\ the e}ects of Pr "also tp# on Rp

T are relatively
small[ For large values of a\ particles keep their thermal
identity as they are less sensitive to the variations of
the carrier ~uid temperature[ For this case\ the auto!
correlation coe.cient of the particle temperature is con!

Fig[ 5[ Temporal variation of the auto!correlation coe.cient of
the particle temperature[ "a# a � 9[14^ "b# a � 4[ For all cases
Rel � 30[8 and tp � 2[

siderably more sensitive to the magnitudes of Pr and tp

"Fig[ 5"b##[
Taylor ð6Ł formulated the di}usive nature of turbulence

by relating the coe.cient of ~uid particle di}usion "D f
u#

to the Lagrangian auto!correlation coe.cient of the ~uid
particle velocity "R f

u#[ For large di}usion times\ D f
u is

expressed by ð33Ł]

D f
u � ðu?1Łg

�

9

R f
u"t# dt[ "05#

The value of D f
u as given by equation "05# would also be

valid for the transport coe.cient of a scalar quantity
such as temperature if there were no exchange of this
quantity with the surrounding ~uid along the trajectory
of the ~uid particle[ However\ since the ~uid particle
consists of very large number of molecules\ there is at
least a molecular transport between the ~uid particle with
its surrounding[ Therefore\ the di}usion coe.cient of
~uid particle temperature "D f

T# is expected to be di}erent
from D f

u[ Hinze ð33Ł proposes]

D f
T � ðu?1Łg

�

9

f"L\ t#R f
u"t# dt "06#

where L is an exchange coe.cient and f"L\ t# accounts
for the e}ect of the exchange along the path of the ~uid
particle[ The function {f| is\ in general\ a complex function
of L and t[ An exponential model of f"L\ t# � exp"−Lt#
has been suggested ð33Ł[

The magnitude of D f
u and D f

T evaluated from equations
"05# and "06# represent the long time values of the ~uid
particle velocity and temperature di}usivity coe.cients[
For heavy particles\ one can similarly de_ne the
coe.cient of particle momentum di}usion "Dp

v # in terms
of the Lagrangian auto!correlation coe.cient of particle
velocity ð01Ł]

Dp
v � ðv?1Łg

�

9

Rp
v "t# dt[ "07#

The di}erence between the ~uid velocity and temperature
di}usivity coe.cients is expressed via the function f[
Similarly\ we introduce the function f p that accounts for
the exchange of particle heat with the surrounding ~uid
along the particle path[ With this\ the particle tem!
perature di}usion coe.cient\ Dp

T\ is calculated as]

Dp
T � ðv?1Łg

�

9

Rp
T"t#Rp

v "t# dt "08#

where it is assumed that f p � Rp
T[ When the heat transfer

between particles and the ~uid is negligible "e[g[\
aPr Ł 0#\ Rp

T ¼ 0 and as equations "07# and "08# suggest\
the long time di}usion of particle temperature is the same
as that of the particle velocity "Dp

T � Dp
v #[

In Fig[ 6\ the variation of Dp
T:Dp

v with a and tp:tk for
di}erent Pr values are shown[ With increasing a and:or
Pr\ as suggested by Fig[ 5 and equation "08#\ Dp

T increases
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Fig[ 6[ The variation of Dp
T:D

p
v with "a# a "tp � 2#^ "b# tp:tk

"a � 0#[ For all cases Rel � 30[8[

and becomes closer to Dp
v [ This is shown in Fig[ 6"a#[ It

is also shown in this _gure that Dp
T varies more sig!

ni_cantly with a and Pr as the magnitude of aPr increases[
The ratio Dp

T:Dp
v is almost independent of a and Pr when

the rate of heat transfer is high[ The e}ect of particle
inertia on Dp

T:Dp
v is shown in Fig[ 6"b#[ For Pr � 9[14\

the ratio Dp
T:Dp

v decreases as tp:tk increases[ However\ as
the magnitude of Pr increases\ the e}ect of tp on Dp

T:Dp
v

is decreased[ With decreasing the size of the particles\ the
e}ect of Pr "and a# on Dp

T is decreased[ This is under!
standable since the rate of heat transfer and therefore
Rp

T is less sensitive to the magnitude of Pr as the size of
the particle decreases "Fig[ 4#[

2[1[ Two!way couplin`

Two!way coupling e}ects are discussed in this subsec!
tion[ An important parameter in this study is fm which
is varied by changing the number of particles while keep!
ing tp constant[ As pointed out by Squires and Eaton ð14Ł\
the particles act as an additional source of dissipation
of turbulent kinetic energy[ As a result\ in stationary
turbulence the turbulent kinetic energy decreases as the
mass loading ratio increases[ The average dissipation rate

of the turbulent kinetic energy also decreases as fm

increases[ This is observed in Fig[ 7"a#\ where it is shown
that by adding more particles to a stationary ~ow\ o

decreases more and after a transient time approaches a
stationary value[ Initially\ the particles are distributed
uniformly throughout the domain and have the same
velocity as that of the surrounding ~uid elements[ There!
fore\ there is a transient time during which both particles
and carrier ~uid adjust to their new conditions[ This
transient time was found to be about two to three eddy

Fig[ 7[ Temporal variations of the average dissipation rate of
energy\ "a# o^ "b# otot^ "c# op[ For all cases tp � 2[5[
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turn!over times\ close to the values reported by Squires
and Eaton ð11Ł[ After this transient time\ the balance of
energy requires that the energy input by the forcing be
the same as the total rate of dissipation of the turbulent
kinetic energy "otot# by the ~uid and particles[ As shown
in Fig[ 7"b#\ the long time values of otot remain fairly
constant and independent of the magnitude of fm[ There!
fore\ the energy added by forcing function to the mixture
also remains fairly constant and una}ected by the
particles[ This indicates that the results obtained here are
not contaminated by forcing[ The initial increase in otot

values with fm is required to decrease the turbulence
energy to its lower stationary level[ The decrease of o

with the increase of mass loading can be explained by
considering the evolution of the average rate of {dis!
sipation| of energy by the particle drag force\

op �Ws6
CDRepmp

13tp

"u�i −vi#u�i 7w[ "19#

It is to be noted that op may have both positive and
negative signs[ Therefore this term may remove or add
energy to the turbulent kinetic energy\ although it refers
to the {dissipation| term here[ For the cases considered in
this study\ op always removes energy from the turbulent
kinetic energy[

Figure 7"c# shows that the values of op increase as the
mass loading ratio "or the number of particles# increases[
This observation together with the previous observation
that the long time values of otot � op¦o are nearly inde!
pendent of the mass loading\ explains the decrease of o

with the increase of mass loading[ Our results "not
shown# also indicate that the {dissipation| of energy by
each individual particle "op:Np# decreases as mass loading
ratio increases[ The reason is that with increasing the
mass loading\ the velocity vector of the surrounding ~uid
aligns better with the direction of the particle trajectory
and also the magnitudes of velocities are smaller[ Conse!
quently\ the particle drag force and the particle Reynolds
number are lower for higher mass loadings[ Since by
increasing fm\ the dissipation of energy by each indi!
vidual particle decreases\ op and o should not vary linearly
with fm[ This is observed in Fig[ 7"c#\ where it is shown
that the rate of increase of op with fm decreases as the
magnitude of fm increases[

The modulation of the ~ow by the particles may also
depend on the particles| response time\ as particles with
di}erent inertia correlate di}erently with di}erent scales
of the ~ow[ For the range of parameters considered\ the
magnitude of tp does not have a signi_cant impact on the
evolution of the turbulence energy[ This is observed in
Fig[ 8"a#\ where it is shown that for constant mass loading
ratio\ the turbulent energy does not vary appreciably
as tp:tk varies[ For small particles\ the main interaction
between the particles and the ~uid occurs at small scales[
Therefore\ the turbulence energy is not signi_cantly
dependent on the size of particles[ However\ the dis!

Fig[ 8[ Temporal variations of the carrier ~uid "a# velocity vari!
ance "energy#^ "b# dissipation rate of energy for di}erent particle
response time and for fm � 9[3[

sipation rate of the turbulence kinetic energy noticeably
decreases as the size of particles increase "Fig[ 8"b##[ This
is true since for stationary turbulence\ the total energy
dissipated by the ~uid and particles is constant\ equal to
the forcing energy\ and independent of the size of
particles[ Therefore\ with increasing tp\ o has to decrease
because the drag force and op increase[

The e}ects of particles on di}erent scales of the ~uid
velocity and temperature are considered in Fig[ 09\ where
the three!dimensional velocity and temperature spectral
density functions "E\ ET# for fm � 9 and 9[3 are shown[
Consistent with the results of Squires and Eaton ð14Ł\ it
is observed that the high wavenumber values of the ~uid
velocity spectrum are signi_cantly increased by the
particles[ The e}ect of particles on the ~uid velocity dis!
sipation spectra is similar[ The three!dimensional ~uid
temperature spectrum also exhibits similar behavior to
that of the velocity\ as the results in Fig[ 09 indicate
that the high wavenumber spectral values of the ~uid
temperature are increased by the particles[ This suggests
that the thermal and momentum interactions of the par!
ticles and the carrier ~uid at small scales are qualitatively
similar[ The modi_cation of the ~uid velocity and tem!
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Fig[ 09[ The spectral densities of the ~uid velocity and tem!
perature for fm � 9 and 9[3 and tp:tk � 0[

perature _elds also results in the variation of the particle
temperature statistics due to two!way coupling e}ects[
An example is the auto!correlation coe.cient of the par!
ticle temperature\ which is shown in Fig[ 00 to increase
with fm[ Additionally\ Fig[ 00 illustrates that for two
cases with the same mass loading\ the values of Rp

T

decrease signi_cantly when the e}ect of the particles on
the ~uid velocity _eld is eliminated "SMi � 9#[ However\
the values of Rp

T in the case that fm � 9[7 and SMi � 9
are still higher than those in the case with fm � 9[ This
suggests that Rp

T increases with fm for two reasons[ First\
the particles correlate more with the path of the ~uid
elements due to momentum coupling[ Second\ the devi!
ation between the particle and ~uid temperatures
decreases due to thermal coupling[

Time averaged values of some other statistical quan!
tities which are a}ected by two!way coupling are listed

Fig[ 00[ Temporal variation of the auto!correlation coe.cient
of the particle temperature for tp � 2[5\ a � 0 and Pr � 9[6[

in Table 1[ The _rst four rows in this table represent the
results for mass loading ratios from 9Ð0[0[ The last row
corresponds to the case with fm � 9[7\ SMi � 9[ Expect!
edly\ with increasing the mass loading ratio the mag!
nitude of Rel decreases[ Consequently\ the time scales
associated with ~uid velocity _eld increase and the e}ec!
tive response time of the particles decrease[ Additionally\
with an increase in the mass loading\ the coupling
between velocity and temperature of the particles with
those of the surrounding ~uid element increases[ As a
result\ ððRepŁŁ\ ðT?1Ł\ ððT?p

1ŁŁ:ðT?1Ł\ and oT all
decrease[ The results in Table 1 also demonstrate that the
magnitudes of ððT?p

1ŁŁ:ðT?1Ł and oT:"oT#f�9 for the case
with fm � 9[7\ SMi � 9 are lower than those for the case
with fm � 9[7\ SMi � 9[ These results are in accord with
those shown in Fig[ 00\ and suggest that the e}ects of
~uid!particle thermal and momentum coupling are both
important[

Also listed in Table 1 is the correlation coe.cient
between the temperature and its dissipation rate\

jT �
ðT?1oTŁ

ðT?1ŁðoTŁ
−0[ "10#

The correlation between temperature and its dissipation
re~ects the correlation between large and small scale tem!
perature ~uctuations ð34\ 35Ł[ This correlation is also
an indicator of the {non!Gaussianity| of the probability
density function "PDF# of the temperature[ The results
in Table 1 show that with increasing the mass loading\
the correlation between temperature and its dissipation
increases and the PDF of temperature departs more from
a Gaussian distribution[ Another indicator of the non!
Gaussianity of the temperature PDF is the deviation of
the temperature kurtosis from the Gaussian value of 2[
The kurtosis was found to increase from 1[87 to 2[50
when fm increases from 9 to 0[0[

3[ Summary and conclusion

Direct numerical simulations "DNS# of homogeneous
particle!laden turbulent ~ows are conducted to inves!
tigate the thermal transport and the particle and ~uid
temperature behavior in dilute two!phase ~ows[ Both
one!way and two!way coupling between the particles and
the carrier ~uid are considered[ The important par!
ameters that characterize the temperature statistics are
the particle response time "tp#\ the ratio of the speci_c
heats "a#\ the Prandtl number "Pr#\ the Reynolds number
"Rel#\ and the mass loading ratio "fm#[ The in~uences
of these parameters on both the ~uid and the particle
temperature statistics are examined[

In a qualitative agreement with theoretical obser!
vations ð17Ł\ the DNS results indicate that the stationary
value of the particle temperature intensity is a decreasing
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Table 1
The variations of the particle statistics with the mass loading ratio

fm Rel tp:tk ððRepŁŁ ððT?p
1ŁŁ:ðT?1Ł oT:"oT#f�9 jT

9[9 38[0 2[70 9[797 9[502 0[9 −9[928
9[3 35[7 1[59 9[420 9[479 9[432 9[092
9[7 30[7 1[16 9[313 9[490 9[344 9[132
0[0 26[2 1[06 9[260 9[335 9[328 9[208
9[7 38[0 2[70 9[797 9[374 9[237 9[127

function of tp\ a and Pr[ The particle temperature inten!
sity is also a decreasing function of Rel[ However\ the
particle velocity and temperature quantities which are
mainly dependent on the large scales of the ~ow can
be well scaled with Rel\ if the particle response time is
normalized by the Eulerian eddy turn!over time[ If the
response time of the particles is less than the Kolmogorov
time or the variable is mainly small scale dependent\ the
Kolomogorov time is appropriate for scaling[

The auto!correlation coe.cient of the particle tem!
perature\ Rp

T exhibits di}erent behavior than that of the
particle velocity\ Rp

v [ Unlike Rp
v \ a monotonic increase

with tp is not observed for Rp
T[ For small values of aPr

and:or tp\ Rp
T is not signi_cantly dependent on the mag!

nitude of tp\ Pr and a[ For higher values of aPr and tp\
Rp

T increase noticeably with tp\ Pr and a[ The results for
Rp

v and Rp
T are used to evaluate the long time values of

the particle velocity and temperature di}usion
coe.cients "Dp

v and Dp
T\ respectively#[ The ratio of

Dp
T:Dp

v is less than unity but tends toward unity when the
magnitudes of a and:or Pr increase[ The rate at which
Dp

T:Dp
v increases is higher for higher values of aPr[

The ~uid and particle statistics are also a}ected by the
two!way coupling e}ects[ By increasing the mass loading
ratio the coupling between the velocity of the particle and
that of the surrounding ~uid increases\ and both the
particle and the ~ow Reynolds numbers decrease[ Also\
the ratio of particle to ~uid temperature intensities and
the dissipation of ~uid temperature ~uctuations "oT#
decrease as the mass loading increases[ Additionally\ by
increasing the mass loading ratio\ the coupling between
the temperature and its dissipation rate as well as the
deviation of the ~uid temperature PDF from Gaussianity
increases[ The modi_cation of the ~uid and particle tem!
perature statistics is not solely due to modi_cation of the
~uid velocity _eld by the particles^ thermal coupling is
also important[

Our results reveal several important physical features
of thermal transport in two!phase turbulent ~ows and
indicate that the thermal interaction between phases is
important and cannot be overlooked in modeling of these
~ows[ The next challenging step would be the DNS study
of thermal transport in non!reacting and reacting
inhomogeneous turbulent ~ows[
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